FRAMIZATION OF THE TEMPERLEY LIEB ALGEBRA 

DIMOS GOUNDAROULIS, JESUS JUYUMAYA, AND SOFIA LAMBROPOULOU 

, ' Abstract. In this paper we propose a framization of the Temperley-Lieb algebra. The frainiza- 

(«— s , tion is a procedure that can briefly be described as the adding of framing to a known knot algebra 

^vi ■ in a way that is both algebraically and topologically consistent. Here, our framization is de- 

, ' fined as a quotient of the Yokonuma-Hecke algebra. The main theorem provides necessary 

Oj. conditions for the Markov trace defined on the Yokonuma-Hecke algebra to pass through to our 
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framization. 



1. Introduction 



Since the original construction of the Jones polynomial the Temperley-Lieb algebra has become 
a cornerstone between the rich interaction of Knot theory and Representation theory. The 
1^ . Temperley-Lieb algebra was introduced by Temperley and Lieb |13| and was rediscovered by 

C^ \ Jones [2]. 

The Temperley-Lieb algebra, the Hecke algebra and the BMW algebra are the most important 
examples of knot algebras. A knot algebra is an algebra that is typically defined by generators and 
relations including the braiding relations, which is used in the understanding of the classification 
J^ I of knots. 

■TJ" ' In this paper we propose a d-framization (or simply framization) of the Temperley-Lieb alge- 

j^ ■ bra, FTLd^n (u) ■ The framization is a mechanism designed by the last two authors and consists in 

a generalization of a knot algebra via the addition of framing generators. In this way we obtain 

a new algebra which is related to framed knots. 



o 

en ' The main question that arises naturally is how one can obtain a framization of a knot algebra. 

We do not have a standard scheme yet but we know that, at least for d = 1, the framization 
of a knot algebra must coincide with the original knot algebra. The framization procedure can 

K/i • roughly be regarded as the procedure of adding framing generators to the generating set of a 

^ ! knot algebra, of defining interacting relations between the framing generators and the original 

generators of the algebra and of applying framing on the original defining relations of the algebra. 
The resulting framed relations should be topologically consistent. The most difficult problem in 
this procedure is to apply the 'framization' on the relations of polynomial type. 

The Yokonuma-Hecke algebra can be regarded as a framization of the Hecke algebra [71 [TT] . 
This framization of the Hecke algebra gives the recipe of how to do framization on the quadratic 
Hecke relation. Having in mind this example of framization, the last two authors provided a 
framization of the BMW algebra |11| . Further, it is worth to mentioning that by using the 
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framization of the Hecke algebra one can define invariants for framed, classical and singular 
knots, see [TOllQllH]. 

The outline of the paper is as follows. Section 2 is dedicated to providing necessary definitions 
and results. In Section 3 we construct the framization FTL^^„(m) of the Temperley-Lieb algebra. 
The main theorem is given in Section 4 (Theorem [¥]) which provides conditions for a Markov 
trace on the Yokonuma-Hecke algebra to pass through to the framization FTLrf„(n). 

2. Preliminaries 

2.1. Throughout the paper by the term algebra we mean an associative unital (with unity 1) 
algebra over the field K := C(m), where u is a fixed indeterminate. We will also fix two positive 
integers d and n. 

For any positive integer n we denote Sn the symmetric group on n symbols. Let Sj be the 
elementary transposition (i, i + 1). We denote by I the length function on 5„ with respect to the 

Si's. 

Denote Cd = {t\t'^ = 1) the cyclic group of order d. Let tj = (1, . . . , 1, t, 1, . . . , 1) G CJ, where 
t is in the i-th position. We have: 

Define C^ „ := C^ x 5'„,, where the action is defined by permutation on the indices of the ij's, 
namely: Sitj = tgjj\Si. We will also use the d-modular braid group J-a^n '■= C^ x Bn-, where 
Bn denotes the braid group on n strands and the action of Bn on C^ is defined by the induced 
permutation on the indices of the tj's. 

2.2. We denote by H„(u) the Iwahori-Hecke algebra associated to Sn- That is, the /f -algebra 
with linear basis {h^ \w & Sn} and the following rules of multiplication. 

, , ^ f hs^w for l{siw) > l{w) 

^' '" ~ \ uhs^w + {u- l)hw for l{siw) < l{w) 

Set hi := hs^■ Then H„(ti) is presented by l,hi, . . . , hn-i subject to the following relations: 

hihj = hjhi for all \i — j\ > I 
hihjhi = hjhihj for all \i — j\ = 1 

/ij = U + {u — l)/lj 

Definition 1. The Temperley-Lieb algebra TL„(ii) can be defined as the quotient of the algebra 
H„(n) over the two-sided ideal generated by the elements: 

y hw, for all \i — j\ = 1. (1) 

we{si,sj) 

In [1] Ocneanu constructed a unique Markov trace on H„(n). More precisely, we have the 
following theorem. 

Tiieorem 1. For any z £ C^ there exists a linear trace t on UJ^]^H„(m) uniquely defined by the 
inductive rules: 

(1) T{ab) = T{ba), a,b e Bn{u) 

(2) r(l) = 1 

(3) T{agn) = zT{a), a € H„(n). 
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The Ocneanu trace r passes through to TL„(ii). Indeed, as it turned out [3], to factorize r to 
the Temperley-Lieb algebra, we only need the fact that r kills the expression of Eq. [TJ So, in 
[3] it is proved that r passes to the Temperley-Lieb algebra if and only if: 

z = or z = —1. (2) 

u+ 1 

2.3. The Yokonuma-Hecke algebra of type A, denoted Yrf„(u), can be defined by generators and 
relations and can be regarded as a quotient of KF^.n over the two-sided ideal that is generated 
by the elements: 

af - {u- l)ei - (n - l)ejcri - 1. 
More precisely, we have the following definition. 

Definition 2. The Yokonuma-Hecke algebra Yd,niu) is the algebra presented by generators 
l,gi, . . . , gn-i,ti, ■ ■ ■ ,tn subject to the following relations: 

9i9j = 9j9i for ah |i-j|>l (3) 

gi+igi9i+i = 9i9i+igi (4) 

titj = tjti for all i,j (5) 

tf = I for all i (6) 

giU = U+igi (7) 

giU+i = Ugi (8) 

gitj = tjgi for j ^i, i + l (9) 

gf = 1 + (u - l)ei + {u - l)eigi (10) 

where a is the idempotent defined by: 

d-l 

"^i - lT.*tt7+v i = l,...,n-l. (11) 

The definition of the idempotent Cj can be generalized in the following way. For any indices 
i,j and any m G Z/dZ, we define the following elements in Yrf^„(ti): 



and: 

d-i 

,M ._ 
d 

s=0 



ev':=^^trVi- (13) 



(notice that e, = Cj^j+i = e- ). The following lemma collects some of the relations among the 
ej's, the tj's and the gi's. These relations will be used in the paper. 

Lemma 1. For the idempotents Cj and for l<i, j<n — 1 the following relations hold: 



tjBi 


= 


Citj 


ei+igi 


= 


giei,i+2 


eigj 


= 


gjdi, for j y^i- 1,1 + 1 


ejgigj 


= 


gtgjei for\i-j\ = l 


eiCj+i 


= 


eiej,j+2 


ejCj+i 


= 


ei,i+2ei+l- 
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Proof. All relations are immediate consequences of the definitions. The proofs for the first four 
relations can be found for example in [U Lemma 2.1]. For the fifth relation we have: 

d-l d-1 

c c — \ ^ +S+— s \ ^ j.m J.— m 

CjCj+i — 2_^ '-i'-j+l , 2-^ ''J+l''i+2 

s=0 m=0 



HEE<*mX^+^- (14) 



Setting now k = m — s we obtain: 



s=Q m=0 



d-l d-l 



dSD = ^Y.T.'ttlit-l:r 

s=0 fc=0 
d-l d-l 

~ ^ Z^ ''« ''i+2 ^ Z^ ''J+l''i+2 
s=0 fc=0 

= ei,j+2ej+i. 
The sixth relation is proved in an analogous way. D 

Notice now that using relations ([7]) and ([8]) one can write any monomial m in the defining 
generators of Yd,n{u) in the following form: 

m = if ...Cm', 

where m' = gi^^ . . . gi^. We say that every monomial in y^d,n{u) has the splitting property, that is, 
one can separate the framing part from the braiding part. 

The algebra Yrf^„(u) can be alternatively defined as a n-deformation of the algebra KCd^n- 
More precisely, let w (z Sn and let w = Si^ . . . Si^ be a reduced expression for w. Since the 
generators gi of Yci^„(u) satisfy the same braiding relations as the generators of Sn, then together 
with the well-known theorem of Matsumoto |12) . it follows that g^ '■= gii ■ ■ ■ di^ i^ '^^^l defined. 
Notice that the defining generators gi correspond to gs^■ We have the following multiplication 
rule in Ydn(w) (see Proposition 2.4[4]): 

/ 9s,w for l{siw) > l{w) ^^. 

"*' "^ 1 9s,w + (u- l)eigs^w + {u- 1)6,5^ for l{siw) < l{w) 

We also correspond gt- to tj and we define: gt-w = gtigw = tidw 

Using the above multiplication formulas the second author proved in JS] that Yd,„(u) has the 
following standard basis: 

{t1^ ■ ■ ■ t'^"gu, I ai G Z/dZ, w € S'„,} 

Further, we have an inductive basis of the Yokonuma-Hecke algebra, which is used in the 
proof of the main theorem. 

Proposition 1 ([5], Proposition 8). Every element in Yii^^+iiu) is a unique linear combination 
of words, each of one of the following types: 

mngngn-i ■ ■ ■ Qit^i or m„i^+i, 
where k € Z/dZ and m„ is a word in the inductive basis ofY^^niu)- 

Using the above basis, the second author constructed in [5] a linear Markov trace on the 
algebra Ydn{u), see section 4. 
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3. A FRAMIZATION OF THE TeMPERLEY-LIEB ALGEBRA 
Consider the following subgroup of Cd,n'- 

Hij := {titl^j^,tjtjl^) X {si,Sj) for \i - j\ = 1. 
In particular, for j = i + 1, we have that each x in .ffj^j+i can be written in the form: 

X = tft^+it]^2^, (16) 

where a + /3 + 7 = and w S (sj, Sj+i). 

Definition 3. For n > 3, the Framization of the Temperley-Lieb algebra, FTLrf„(u), is defined 
as the quotient Y^^niu) over the two-sided ideal J that is generated by the elements 

Y^ g^, i = l,...n-2. (17) 

Theorem 2. FTL£;„(u) is the quotient of Yd,niu) over the two-sided ideal J generated by 
^xeH 9^- Equivalently, J is generated by the single element: 

^ f^t^tj (1 + 51 + 52 + 9192 + 9291 + 9i929i)- 

a+/3+7=0 

For the proof of the theorem we will need the following lemmas: 
Lemma 2. The following hold in Yd^niu) for all i = 1, . . . , n — 1 and j = 1, . . . , n; 

(1) tj = {91... 9n-iy~' h {91- ■■ 9n-l)'^'''^ 

(2) 9i = {9i... gn-iY^^ 91 {91- ■■ 9n-i)-^'-^^ 

Proof. For case (1) we have that the statement is true for j = 2. Indeed: 

{91 ■■■9n-l)tl {91 . . . 9n-l)~^ = 9lh92 ■ ■ ■ 9n-li9l ■■■9n~l)~^ 

= t2{gi ■ ■ ■ 9n-l)i9l ■ ■ ■ 9n-l)~^ 
= t2. 

Suppose that the statement is true for j = k. We will show that the statement holds for j = k+1. 
We have: 

(51 . . . 9n-i)^ti{gi . . . gn-i)~^ = (51 • • • 9n-l){9l ■ ■ ■ 9n-it'^ti{gi . . . gn-i)~^^~^\9i . . . 9n-l)~^ 

= (51 • • • 9n-l)tki9l ■ ■ ■ 9n-l)~^ 

= 91... 9k-i9k tk 9k+i ■ ■ ■ 9n-i{9i ■ ■ ■ 9n-i)~^ 

= tk+l{9l ■■■9n-l){9l ■■■9n-l)~^ 

= tk+1- 
For case (2) we have that the statement is true for i = 2. Indeed: 

(51 •••5'n-i)5'i (51 ■■■9n-i)~^ = 91929193 ■■■ 9n-ii9i ■■■9n-iy^ 

= 92(9192 ■ ■ ■ 9n-l){9l ■ ■ ■ 9n-l)~^ 
= 92- 
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Suppose that the statement is true for i = k. We wih show that the statement holds for i = k + 1. 
We have: 



(51 



■ gn^ifgiigi 



^'-'Hm 



■ gn~i)~ ' = {gi ■ ■ ■ gn^i){gi ■ ■ ■ gn~i) " gi{gi---gn^i 
= {gi... gn-i)gk{gi ■ ■ ■ gn-i)~^ 
= 51 • • • gk~igkgk+igkgk+2 ■ ■ ■ gn~i{gi ■ ■ ■ gn~i)~^ 
= gi ■ ■ ■ gk~igk+igkgk+i ■ ■ ■ gn~i{gi ■ ■ ■ gn-i)^ 
= gk+i{gi ■ ■ ■ gn-i){gi ■ ■ ■ gn-iY^ 
= gk+i- 



Lemma 3. The following hold in Y^^niu) for all i = 1, . . . ,n — 2 and a, /3, 7 € Z/dZ; 



•fi'n-l, 



fOfP f 

^i ^i+l^i+2g^ 
y.Qy./3 J.7 „. , 
ti tj+iEj+2fl'j+l 

ti ti_^_iti_^_2gigi+i 

tft^j^^t^^^gi+^gi 

(6) tft^+it]^2gigi+igi 



(1) 

(2) 
(3) 
(4) 
(5) ^^ ^. 



(51 
(51 
(51 
(51 
(51 
(51 



<7„_iritft^t^(5i...5n-i)-(*-^) 

<7„-irit?t^%i(9i...9„-i)-(^-i) 

<7„-irit?t^%2(5i...5n-i)"(^^') 

gn-iY^' nA^gigi (51 • • • 5n-i)-('-') 
<7„_i)^-i t'i4tlg2gi (51 • • • 5n-i)-('-^) 
gn^if'^ n^tlgig^gi (51 • • • 5n-i)-('-') 



D 



Proof. We win demonstrate the proof for the cases (1) and (6). The rest of the cases are proved 
in an analogous manner. For case (1) we have from Lemma [2) 



^T i'-.'_Ll t'^' 



-(i-1). 



f/3/ 



H '^i+l^i+2 - {gi ■ ■ ■ gn~lY 't?(5l---5n-l) ^' '^(5l...5n-l)X(5l---5n-l) ' 

•(ffi...g„_ir+47(5i...5n-i)^(^+') 
= (<7i . . . gn-iY-H'iigr . . . 5„-i)t?(<7i • • • 5n-i)-n5i • • • 5n-i)-(*-'^ 
• (ffi . . . gn-iy~^{gi ■ . ■ gn-iftl{gi . . . gn-iY'^igi ■ ■ ■ 5n-l)~^'"^^ 

= (5l...5n-ir't?ifiI(5l---5n-l)-(^-'). 

For case (6) we have from Lemma [2l 



/3 +7 



^n f^A I 1 t', 



+ l^iJ^29i9i+l9i 



(51- 
•(51 
•(51 
(51- 
•(51 
•(51 
•51 (51 



5n.-l)*5l(5l •••5n-l) *(5l •••5n-l)* ^51 (5l • • • 5n-l j 



gn-iy-hUgi ■ ..gn-i)-^'-^\gi ■ ■■gn-iY^igi ■ ..gn-i)-' 

. gn-iY^'tJigi . . . gn-ir^'^'Hgi ■ ■ ■ gn^iY^'giigi ■ ■ ■ gn-i)-^'-''^ 

x...^u-x/"^5l(5l---5n-l)~^'^^^ 

gn-iY-'tUgi ■ ■ ■ gn-i)t^iigi ■ ■ ■ gn^iYHgi • • • 5n-i)-^'-'^ 

. gn-iY~\gi ■ ■ ■ gn-iftl{gi . . . gn-i)'Hgi . . . 5n-l)"^*~^^ 

• 5n-l)'"^5l(5l • • • 5n,-l)"^'"^H5l • • • 5n-l)*~^(5l • • • 5n-l) 



-(i-1). 



•5n-i) ^igi...gn-i) ^' ^\gi...gn-iY '51(51 •• •5n-l) 



-(i-1) 



VJ-l+a./3.7 



(51 • • •5n-l)* ilt2*35l525l(5l • ■■gn-l) 



-(i-1) 
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Proof of Theorem\^ The multiplication defined on Y^^„(u) and Eqs. [T6] and [T71 imply that the 
ideal J is generated by elements of the form: 

^ tftl.tl^^g^. (18) 

«)e(si,si+i) 
Expanding Eg. 1181 and applying Lemma [3] we obtain: 

a+/3+7=0 Q+/3+7=0 

\a+/3+7=0 / 

Therefore as a two-sided ideal J is generated by the single element: 

/ , *?*2*3 9l,2 

«+/3+7=0 

where (71^2 := 1 + 5i + 5'2 + 9i52 + 9291 + 9x9291 , and so the proof of the theorem is concluded. D 
We define now the elements gi,i+i G Y^,i(u), by: 

9i,i+i ■= E *r*f+i*7+25i,i+i- (19) 

a+/3+7=0 

From the above result we have the following corollary: 

Corollary 1. FTha^niu) is the K -algebra generated by the set {l,ti, . . . ,tn,gi, ■ ■ ■ ,gn-i} whose 
elements are subject to the defining relations ofYa^niu) and the relation: 

91,2 = 0. 

4. A Markov trace on FTLd,n{u) 

The main purpose of this section is to find necessary conditions in order that the Markov trace 
[5] defined on the Yokonuma-Hecke algebra passes to the quotient algebra FTL(i^„(u). 

4.1. In [H Theorem 12] it is proved that Yrf^„(u) supports a Markov trace. More precisely, we 
have the following theorem: 

Theorem 3. Let d a positive integer. For indeterminates z, xi, ... ^Xd-i there exists a unique 
linear Markov trace tr.' 

tr : ^n=l^d,n{u) > C[z, Xi, . . . , Xd-l] 

defined inductively on n by the following rules: 

tr(a6) = tr(5a) 

tr(l) = 1 

tr(ag„,) = ztr(a) {Markov property) 

tr(at^_^i) = Xsir{a) {s = I, . . . ,d -I) 

where a,b £ Yrf„(u). 

By direct computation, tr(ei) takes the same value for all i. We denote this value by E, that 
is: 
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where Xq := 1. For all < /c < d — 1, we also define: 

where e':''^ is defined in ([13l). Notice that E = E^'^l 



4.2. In |10| invariants for oriented framed knots are constructed, using the natural epimorphism 
of the framed braid group J>j on Y^^niu), the trace tr and the Markov equivalence for framed 
braids. In order to achieve that, it was necessary that the parameters xi, . . . , Xd-i were solutions 
of a non-linear system, called the E'-system. More precisely: 

Definition 4. We say that the set of complex numbers Xij_ = {xi, . . . ,Xd-i} satisfies the E- 
condition if xi, . . . , Xd-i satisfy the following E -system, of non-linear equations in C: 

E(^) = xiE 
E(2) = xaE 

e('^-^) = x,_iE 
Equivalently: 

d-l d-l 



y^ x^+sXd-s = Xm ^ XsXrf__s (1 < m < d - 1). (20) 

In |10| Appendix] it is proved that the solutions of the iiJ-system are the functions xs 
parametrized by the non-empty subsets S of the cyclic group Cd of order d as follows: 

XS= Tg^^f^s, 

where e^ are the characters of the group Cd, namely: es{k) = cos ^^ + isin ^^^ [k G X/dli). 



4.3. In virtue of Corollary [T] we have that, if the trace tr passes to FTL^ „(n), then tr((7i^2) = 0. 
Now, the following lemma computes the expression for tr(^i^2)- 

Lemma 4. For the elements gi^2, we have: 

tr(5i,2) = d^ [{u + l)z2 + [u + 2)zE + tr(eie2)] . 
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Proof. We first note that iJ4ei = ef"^'\ so tr(i^4ei) = ^^''^'^ (cf- ^Dl Remark 5]. Then we 
have: 

tr(5i,2)=tr[ Yl ti4thi,2]= E tr(t?t^t^ffi,2) 

\a+^+7=0 / a+/3+7=0 

= 5] [tr(t?tf t^) + tr(t?tf 45i) + tr(t?t^ti<72) + 

Q+/3+7=0 

tr(t?t^t;^r7i52) + tr(t5*tf t^^aSi) + tr(t?tf t;^5i525i 



Q+/3+7=0 



[(n + l)z^xa+is+-y + (n - l)z ^(-+/5+^) + 



a 

Li ^ y Ju QJb Q I (Jj /C y Ju^Ju ry I ? Ju Q^Ju — fj — ^X^ 

/3 7 a, 7 

d2(n + 1)^2 ^S(u- \)z E + Sd^z E + d2tr(eie2) 
(i^ [(u + \)z^ + (u + 2)z £; + tr(eie2)] . 



D 



Thus the lemma above together with tr((7i^2) = imply that the parameters z, u and 
xi, . . . , Xrf_i must satisfy the following equation: 

('u + l)z^ + (n + 2)£;z + tr(eie2) = 0. (21) 

Remark 1. For d = 1 we obtain from Eq. [2T]that z = —:A:j or z = — 1. Indeed, d = 1 implies 
E = 1 and tr(eie2) = 1, thus Eq. [2T] becomes [u + l)z^ + (n + 2)z + l = which yields the values 
of Eq. El 

4.4. We will see that the above equation involving z, u and xi,...,Xrf_i is not a sufficient 
condition for tr to pass to FTLrf^„(ti). Thus, the main purpose of the rest of this section is to find 
the necessary and sufficient conditions for trace tr to pass through to the quotient FTL(i„(n). 

We shall now give three technical lemmas that will be used in the proof of the main theorem 
of this section. 

Lemma 5 (cf. Lemma 7.5 [6]). For the elements gi^2 we have in Yrf„(u) (recall M^) for ei^^): 



(1) 9191,2 

(2) 5291,2 

(3) 9i929i,2 

(4) 929i9i,2 

(5) 9i929i9i,2 



1 + (u- l)ei]gi,2 

1 + (n - l)e2\9i,2 

l + {u- l)ei + {u- l)ei,3 + {u- 1)^6162] 51,2 

1 + (u - 1) 62 + (u - l)ei,3 + {u- 1)^6162] 51,2 

'l + iu- l)(ei + 62 + 61,3) + (n - l)2(-u + 2) 6162] 51,2 



Proof. The idea is to expand the left-hand side of each equation and then use Eq. [TO] and 
Lemma [TJ We will demonstrate the proof for the indicative cases (1) and (4). The other cases 
are proved similarly. 
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For case (1) we have: 

9igi,2 = gi+gi+ 9192 + 9I92 + 919291 + 9i929i 

= gi + [1 + {u - l)ei + {u - l)eigi] 

+9192 + [92 + {u- l)ei52 + {u- l)eigig2] 
+919291 + [92gi + {u- l)eig2gi + {u - 1)61515251] 

= 51,2 + (w- 1)6151,2. 

Case (2) is completely analogous. In order to prove case (4) we will use cases (1) and (2) 

929i9i,2 = 92 {91,2 + {u- 1)6151,2) 

= 5251,2 + {u- 1)61,35251,2 (Lemma d]) 

= [1 + (^ - 1)62] 51,2 + {u- 1)61,3(1 + {u- 1)62)51,2 

= [1 + (n- 1)62] 51,2 + (n - 1)61,351,2 + (u - 1)^61,36251,2 (Lemma d]) 

= [1 + (u - 1) 62 + (n - 1)61,3 + {u- 1)^6162] 51,2- 



D 



Lemma 6. For the elements 51,2 we have in Yrf,„(u); 



(1) 5151,2 = E„H-«+.=oi?*2*3[l + ("-l)ei]5i,2 



(2) 5251,2 = Ea+/3+-y=0*?*2*3[l + ("-l)e2]5l,2 

(3) 5l525l,2 = Ea+/3+7=0 *1 *2*3 [^ + (" " 1)^1 + {u - l)6i,3 + {u - 1)^6162] 5l,2 

(4) 525151,2 = Ea+/3+7=0 *1 *2*3 [l + (" " 1) ^2 + {u - l)6i,3 + (u - 1)^6162] 5l,2 

(5) 5l525l5l,2 = Ea+/3+7=0 *1 *2*3 [^ + (" " l)(ei + 62 + 61,3) + {u - lf{u + 2) 6162] 51,2 

Proof. For case (1) we have that: 

5i5i,2=5i X] *i4*l9i,2= ^ t'^t^tl gigi^2- 

a+/3+7=0 q:+/3+7=0 

Since we sum over all possible a, f3, j € Z/dZ, such that a + /3 + 7 = 0, by abuse of notation 
and keeping the same exponents for the fj's as the generators g^ pass to the right, we have that: 

5i5i,2 = X] *"*2*3 5l5l,2 

a+/3+7=0 

= Yl i?t^t2[l + («-l)ei]5i,2. 

a+/3+7=0 

The rest of the cases are proved in an analogous way. D 

Lemma 7. The following holds in Y(i,„(n). 

Y, tr(t?+'=Hf+'=^t;^+^5i,2) = tr(ef^+'^+')62) + (n + 2) z E^''^+'^^+'^^ + (n + l)z^ 
a+/3+7=0 

where z € {1, ei, 62, 61,3,6162} and ki, k2, k € Z/dZ. 

To benefit the reader, the proof of the above lemma is done in the appendix since it is just a 
long and tedious computation. 
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We shall do now the analysis for the conditions that must be imposed on the trace parameters 
in order that tr passes to FTLrf^„(u). Having in mind Corollary [T] and the linearity of tr, it follows 
that tr passes to FTL^ „ (u) if and only if the following equations are satisfied for all monomials 
a in the inductive basis of Y^ „(n). Namely: 

tr(affi2) =0 (a G Yd,n{u))- (22) 

4.5. Let us first consider the case n = 3. By Proposition [1] the elements in the inductive basis 
of Y^_3(ii) are of the following forms: 

ti'4'ti ti^gitiHi t^4^52ffli?, t'iH'2'92ti ti^giti'g2ti t^<7lt^ff25lt^ 

So, using Lemma [7] we obtain from Eq. [22] four sets of equations, which all reduce to one single 
type of equation. Lideed, we have: 

(a) The case a = ti^i2^^3- This case yields the equation: 

tr(ef ^+'=^+')e2) + (n + 2)zE^'^-+'^^+>'^ + {u + l)z'xk,+k,+k = 0. (23) 

(b) The cases a = t-^^git-^^t'^ and a = 1^^12 92^2- These cases yield the same equation: 

u [tr(ef ^+'=^+'=)e2) + (n + 2)zE^^^+^-+^^ + (u + l)z^xu,^u,+k] = 0- (24) 

(c) The cases a = t^^t2^g29iti and a = t^^git^^g2t2- From these cases we obtain the equation: 

u^ [tr(ef ^+'=+'^62) + iu + 2)zi?(^i+^2+'=) + (n + l)z^Xk,+k,+k\ = 0. (25) 

(d) The case a = t]^git-^g2giti. This case yields the equation: 

w3 [tr(ef ^+'^+'^62) + (u + 2)zE^^^+^^+^^ + (n + l)z^Xk,+k,+k] = 0. (26) 

We are now in the position to prove the following proposition. 

Proposition 2. The trace tr of Yd,^{u) passes to the quotient algebra FTLd^siu) if the trace 
parameters xi, . . . , x^-i are solutions of the E -system and z takes one of the following values: 



_ -{u + 2)E ± y/{u + 2)'^E^-A{u + l)A 
^^■" 2(u + l) 

where A := tr(eie2). 

Proof. For a = 1, Eq. [23]becomes Eq. [21] hence the values for z, in terms of u and xi, . . . , Xd-i, 
are z+ or 2;_. 

Now, if xi, . . . , Xd-i are solutions of the E'-system we have the following: 

^(^•i+fe+fc) ^ ^,^^,^^,i^(o) (27) 

and also that: 

tr(ep"^^'"'"''^e2) = -^ ^ Xk^+k2+k+sX^s ^ XmX^m = a;fci+fc2+fctr(eie2). (28) 

0<s<d-l 0<m<d-l 

Thus Eq. [23] becomes: 

Xk,+k2+k [{u + 1)^2 + {{u + 2)E) z + tr(eie2)] = 0, 

that is, Eq. [23] reduces to Eq. [21] 

The same is true for Eqs. [2H [25] [26] and therefore the proof of the proposition is concluded. D 

The main theorem is the following. 
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Theorem 4. For n > 3, the trace tr on Y^^,„(n) passes through to the quotient FTLrf„(ti) if the 
trace parameters xi, . . . ,Xd-i are solutions of the E-system and z is equal to z+ or z_. 

Proof. By induction on n. In Proposition [2] we proved the case where n = 3. Assume that the 
statement holds for ah FTLd^kiu), where k < n, that is: 

tr(afc5i,2) = 0, 

where a^ G Y^^kiu), k < n. We wih show the statement for k = n + 1. It suffices to prove that 
the fohowing equahty holds for any element in the form an+ifi'i,2i where fln+i belongs to the 
inductive basis of Yd^n+iiu), given the conditions of the Theorem: 

tr(a„+i^i,2) = 0. 
Since a„_|_i is in the inductive basis oiYd,n+iiu), it is of one of the following forms (Proposition [1]): 

j.k j.k 

O.n+1 = O-ndn ■ ■ ■ Qfli Or O^+l = flntn+l' 

where On is in the inductive basis of Yrf^„(u). For the first case we have: 

tr(a„+i gi^2) = tr(a„S'„ . . . giti 91^2) = ztr{angn-i ■ ■ ■ 9itigi,2) = ztr{agi^2), 

where a := anQn-i ■ ■ ■ 9iti- Notice now that a is a word in Yrf^„(u) and so, by the linearity of the 
trace, we have that tr(a^i^2) is a linear combination of traces of the form tr(an 51,2)5 where o^ 
is in the inductive basis of Y^^ ^^(n). Therefore, by the induction hypothesis, we deduce that: 

tr(agi,2) = 0, 

if the conditions of the Theorem are satisfied. Therefore the statement is proved. The second 
case is proved similarly. Hence, the proof of the theorem is concluded. D 



Appendix A. The proof of Lemma \7\ 

We will prove the lemma for the cases e = ei and e = 6162. The rest of the cases are proved 
analogously. 

For the case where e = ei we have: 

Y, tr(i^+'=itf+^^t^+'=ei(7i,2) = Yl tr(t^+'=itf+'=^t;^+*^ei) + 

o+/3+7=0 o+/3+7=0 

^ tr(t°+*^H^+^=t^+^ei5i) + Yl tr(t^+'=it^+^^i^+^ei52) + 

a+/3+7=0 a+/3+7=0 

Y tr{t'^^'Hl+'%^%g,g2) + Y. ^^it?^''4^''it'e^g2gi) + 
a+/3+7=0 o+/3+7=0 

Y tr{t'^^''4^''tl^'em929i) = 

a+/3+7=0 
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a,'y€l/dZ a+/3+7=0 

0<s<d-l 



V^ .^/.a+ki+s.P+k2-s,"f+k s ^ ST^ ^^/^a+fci+s ,/3+fc2-s ,7+fc n 

^ 2^ ti(ti ^2 *3 92) + -^ 2^ tr(ii ^2 *3 5152) + 

o+/3+7=0 o+/3+7=0 

0<s<d-l 0<s<d-l 

X^ i.^fj.a+ki+s.l3+k2-s,"f+k „ \ , ^ X^ i„/'j.o+A:i+Sj./3+te-Sj.7+'^' „ „ ^ 

- 2^ tr(i^ ^2 *3 925ij + -1 2^ tr(t^ t^ t^ 919291) 

o+/3+7=0 a+/3+7=0 

0<s<d-l 0<s<d-l 

= Y. tr(0*2— ^+'=^tr'ei) + ^ E ^7+fc^«+/3+fci+fe + 

a,7GZ/(iZ a+/3+7=0 

0<s<d-l 

"y E ^o+fci+s^/3+7+fc2+fe-s + 2— 2_^ Xa+l3+'y+ki+k2+k + 

o+/3+7=0 a+/3+7=0 

0<s<d-l 0<s<d-l 

z Y tr(t°+^+'=i+^tf+'=^) + (n-l)2 J]; tr(t5'+^+'=i+^t^+^^ei) + 

a+/3+7=0 o+/3+7=0 

(n-l)z J] tr{e,^^^'^^'4^'-e^g^) = 

a+/3+7=0 

= a tr(e^ j+dz 2_^ 3;^+fcX_^_|_/c^+fc2 + "^ 2_^ 3;Q,'+fcj3;_Q,/_|_fc2+fc + 2a 2; Xki+k2+k+ 

76Z/dZ a'€Z/dZ 

a'=a+s 

l3GZ/dZ l3eZ/dZ 



For the case where e = 6162 we have: 

5] tr(t^'=^t^+'=^tr'=eie2gi,2) = ^ tr(t^^^if+'=^tr'=eie2)+ 

o+/3+7=0 «+/3+7=0 

Y tr(tr'=H^'=^tr'eie25i) + E tr(t?+'=H^'=^tr'eie2<72) + 
a+/3+7=0 a+/3+7=0 

5] tr(ir'=^t^+'=^tr'eie25i52) + E tr(tr'^tr'^ir'eie2929i)+ 

a+/3+7=0 0+^+7=0 

^ trlt^'^^tf ^^tr'eie25i529i) = 

a+/3+7=0 

= J]; tr(t^+'=it^+'=^t;^+^ie2) + ^ E tr{t'^^^'+'4+'''-'^"'q+''-"'gi) + 

a+/3+7=0 a+;8+7=0 

0<s,m<d— 1 
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-L V^ ^.^fj.a+ki+s,l3+k2-s+m,-y+k-m \ 

-p 2^ tr(t^ ^2 *3 92) + 

a+/3+7=0 
0<s,m<d-l 

a+/3+7=0 
0<s,m<d-l 

a+/9+7=0 
0<s,m<d-l 

J2 2^ ^'^'-^l *2 *3 919291) 

a+/3+7=0 
0<s,m<d-l 

tr^t-^ tg 1:3 eie2J + - ^ 3;^+fc-m2;a+/3+fci+fc2+m + 

a+/9+7=0 «+/3+7=0 

0<m<d-l 

-j 2_^ Xpj^^j^k^j^h-sXa+ki+s + 22; 2_^ Xa+P+'y+ki+k2+k + 

0+^+7=0 a+/3+7=0 

0<s<d-l 

a+^+7=0 a+^+7=0 

0<s'<d-l 0<s'<d-l 

s'=s—m s'=s—m 

+ [U — 1)Z 2_^ Xa+P+^+k-i_+k2+k 

a+/3+7=0 

= (i2tr(e(''i+^2+fe)g2) +(iz ^ Xy+fcX_y+fcj+fe2 +(i2 ^ Xa'+kiX_OL'+k2+k + 

7'GZ/dZ a'&l/dl 

7'=7— ni a'=a+s 



l3'&Z/d1 I3'& 

I3'=l3-s' I3'=l3-s' 

+ (n - l)(f z'^Xkj+k2+k 
= tr(ef ^+'=^+')e2) + 3zE^'^+'^+^^ + (u - 1)zE'~^^+^-+^^ + {u + l)z'xk,+k2+k = 
= tr(ef ^+'=^+')e2) + {u + 2)zE^^-+^'^+^) + {u + \)z^ Xk,+k2+k. 
The rest of the cases are proved in an analogous way. 
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